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Me Generalized 5 yrnmetries and Application to Gauge Theories 


(In Nov. Ohmori-san will give a lecture on nor inv. Sym. ) 

QFT < wwiersal effective descriptions for quartam many-body systems. 
But, they are often Strongly- coupled . 

2 We'd like to extract a good data characterizing quantum phases of matte 

- space of GE Ts 


22 
z space of coupling constant 


eee am 


peel 


/ Aube emphase bounderies = locatins of 
dh quantum phase transitions 


ve t7 
phase land 3 are in diferent quantum phases if we encontar 
quantum phase transitions at least once dor any Continuous paths 


connect ing these two points . 


Although quon. phases of matters are defined, we need. 


“some Tnvariants te classy guantu phases les. practice . 


C symmetries We playing Important roles. cf. ) pow dia ienie 
Landau cer (Cento. pt of space-of coupling 
Go 


Assume the systern has a global sy. G. Zu. 
and at PASE , GH. If Fidis then gi ae 


belong. to differert phases. 


Idea. Low energy theories at gi and go are giver by G/H, o-model 
ard G/H2 o-model , resp. A o-model 


Since there's no continuors space of 
effective couplings connecting these two g f> 
descriptions then has €o be a x phase 

SEED d kis cd poreametens G/He o-rode] 
transtion. , (There's ne con nnectlng these two. 
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Def. of 59b 
© Add Sy -breaking perturbation A+ 20 / take V>. 
and ther £0 | 


(o Dae L Cu (O>; 2Y 20 => Syn. is broken. 
@ pun ( of F- dagonal | ong range order ) 
Ci , Coo CT iro =U? A0 um sym, is broker, 


kzl- 
(Violation of cluster de cow poosrtión. ) 


z^ (9 t nontrivial rep. of G 


cf. ) <C> =0 Ze 
LO OG Prom. = uibs LOWAO Y 
= 400900)? 
Tsing case 
sia eoo Sta? 
H) = Dus A 
Eel» 


^» [652v * d- (> +1) 


&59v = l(eIsu»*«ls-») 7? 


Motivation for generalized P 


G well like to apply ths idea (hike landar criterion) for gouge 
theories 


However, gauge theories does not necessarily have a good Syra 
+o chowacterize Its phases. 

Cees actually a geod generalat of syms providing new 
nvarants, 
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Definttton of lized Symmetries 
p [global ) Generalized sy. w GET 
t Euclidean. 
local 
relativistic 


= Data of topbgzal operates tr OFT. 
] 


tepologice| AY = extended op. O (Mn) 
I din. sub mth of spacetime 


dris 
Omg AES pm Onin) i 
AF Mn and Mn are corti. e trom one to another. 


eu S 


Bet ( Corstiruows global SY . ) 


d-din AFT has a cort? . global CE 
2 We have a Noether current Kw 
Sti. On INC =O AS operator Identity j 


We carr constyuct o. topological ep. E Noethar charge ) 


U; Qi) 2 elit” fu, ja) 


"ADIT CL) frm | deae Tar 
(RF) j VE iy ja 


Comment |. Ths doc re eats Noether change C(t) “fe PA x) 
J£ we take Mus » (3 XFC , Vetta) =e 
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Comment Ay U Que) Te topolgical - 


Aat Rosell Mae | Stokes AS op. identity 
peer i alg tal ER 
mI Ju p» J f, dj =. 
sd 
[^u^ 
] 9n) AX 
M ati 


Vl > d-di~ Volume wiped through corti. olefarmation 
MW 


ME Tepalegioal ness of M1) of any MY-| ìs 
equivalent. to the local conservation 9. ied 


E ( Discrete Syr ) 
Here let's take lattice description 7 instead of continuons fields . 
In particular , we take an exomple of complex scalar Fields, 


mee] = 2a I 1 Hx) + X Vin Pho) XH 


Assume that this has a sym , Gq = i: 


(e JEG, 7 9-7 
Crealteed as UN) mat TX and Vig Yo) , Foz) =V (900, celis) 
Now, we construct a codim-! tepdogical ep, corresponding to GEG 


Wire it meg. is 
( but vea. 15 Sele €— We just draw figures. ) 


take a (4-1) di surface on a dual lattice 
We defne bond - dependent hopping 


f Juego eh ee 
suvtace 15 taken Jeg ae " 
that te ongsses bonds 
stead of stes. 
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DELE, UO) J 
= 27, J 55 - Vo) E ES z Thag fg] 


+Z Vigo eris) 
We defne- Vp Cati) as 


< Uy (M1) Crit Bon.» i Ie gc" C Pye) Os. 


(thes type of def. of ops ave often called “defect” eps ) 
Theereinr 
"T has dile op. Uy CM) T -topological 


was This Te ju d (able 
ret fool BE OU, ak phe 


perform the change of variable 
Lo) 2 9 


TATR ss 
Jg T0  —? J Voy Yo = RET- 


JG) 9) — J (fts)! %e 


ei Vd) bep 


> (Ute) 0,0» = Upiti) 010 


— Ug (Md-1) i5 topological 


LO.) = Cay ae The & an analogue of 


y Uini) P Melay chage Q(Md-1) 


4,060 
Yin =F Py) Ue 
C409 QI = 4- CH 
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2«8 From these examples (Ex | avs 2), webe seen that 
Global yes TA QFT => Existence of topdogical operators . 
l 


-—À 


/ 
a It's actually sufficent condition. for 

" Pay ie z: gone for global sym ‘ 
We now regard top, op. As et TE 
def. of ` global Syhn ", we call it generalizod global Syn. 
From this generalized viewpoint, the (conventiona [ ) global Syr © Can be- 
Charocterized as follows, CGKSW ^14) 
det i ( Corvertiona| glbbal Sym ) 


d-din QFT has a global Syr. . G 


E o For each My- C Md and 6G , there is 
a topological op. (4 (Ma) 
- _ , wp bed by OPE. of 


Gone 9, Ja Uplate) Fpi Uy, ond Us should be Us, 


l Co) TIAE by accept 
a move 
celica 


by accepting Nylon cedin qe 


Q We have a codex | [top | Ur UG ) with. the. gp Tile. 
fusion rule . m feature for the sym . 
(= conservation. law) 
Non-trivial ee x res factor | 
Puga) Ung. & This sym. G has an "t Hooft anon, 


Uy, : Vor F 
~ EHTA) 
/ 
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Various directions of generalizations 


| ‘oral | higher codi , uher- sa iei fiae 
orm rd M pe ii thé lecture 
Higher = Grup Sym. ‘ 
| general fasion rule- J 


pa 
Def ( Higher- form Syr s 


d-din QET hos a p- frm sym . G 
codiim-(pt!) closed well 


det. 
&) For each Md-p-ı C Md and 4 € G / 


Noninv, lor Ligher-categerical ) 


Syr. 


there 15 a topolagical op. Up (Md-p-l) 


; | T | Wher we set $70 , 
i i | ^ dM. reduces to the 
Pss 22. convertional one. 
o Map) 
an E 
Ce rs 
lp -di objec) 
Comment l, 


Higher- onm Syon . (p 24) does nat. act on local op. 


Miu P 
= x => Xx 
C 
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Comment Z, 
^ HORN E 
Algebra of higher - form sy. Ts Abelian . 


2:2. T x?! i xQ ^ 995. 
A = A 
X922 Kg, 


> 


FG 7292 


Exomples (const and discrete,  @=U(i) or G-2y) 


Eel (6-00) 
Maxwell theory AUC) gange field 
S 2 D T FTU 
TT ahs 16 (2-2) -frm 
By EM » d e da) s0 EM takes tke PAPS A the 


conservation. law 


" 
We can define the Codi - 2. top. op. 


b AC e. tt AL 
Yo Us (Mua) = eple f tda) 
topological : d 
p aai [M d st, Wd Mu -M42 
Vet (mad) Ual M2) EM, 
7 VP ote! 
El ch * pda a ace d lkada) 


zzi 


Swn. grop ìs UA) because €~ etn 


Charged op i5 gen. by Wilson. loop We) P ce, A 
[ezda = feds aad this change how tobe 


c 
(d= &) 3 f ineger by large- gauge 
A -— Were putting TrvowTance 
J electric- charge =| 
| Qs UM a) NOS. eit Srgrcla = gitQde = ett 
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This system 15 oken called the electric UG) — [7 form sym. 
(We denote tas Vie ) | 


Canment 


Maxwell theery has also magnetic sym , folbweal by Bianchi id 
d (eda) = 


E- ae nen 2<od-(d-2) = d- aa 
— We hae Ut) E-3)-forin Syin 


UL (Me) zm EI 
Tt acts on t Hooft operatey's defined on Cd-3 


(4-3) 
Co *pt. : We remove this pomt fromthe spacetime 
(ie. ‘t Hooft qp. b defined as a deket op. ) 
and we put a boundary condon 
50 that Ik da - mE 
4 avoagpne Lic, change 
This sf. T called vets 


(ZN l-forn syn. of SUN) YM) 
We consider lattice action. (We take Wilsonican action.) 


ac = tral pers | 


codin-2. top. op. Uk (Mul-2) 


f Nealtty oF rep. 
rra Za LRI 
cp. = eN | and Uc Ud Unie mal N 
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DW Lep] = a Za jv lay | te. 5 


— un Due orelegue- or 
2 mM in 
7 f Uk = UNA Ud Us v Uns dia Scalar ca. 
1 1 
j Wy? Von Us. gx 
yp 
Um k SU(N) 
Construction. of codi -2-— defect <+ths 15 
token onthe 
We twist the hopping Ê as tollws> dio attin 


Fe E e if L, is not plerced by rh 
pret it Eh 


CU tea) > 2 |nu g7 Pret EU, Ppr] 


Theorem —— UMd-2) Ts topobzica] 


pm --— 


Ux, ne 
cea 
2e, 
for p, pren “or Op 
E 2n : 
— Bof y I er Uy 
for y', fen elie 
RAX BET a tr Up' 
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Cari NA CCOIA.. relation. wl Wilson loop 


Uma) Up E « 
te —————5 


A f. 
Wale) > tn. ( I po if 
RE 
- -Zk [a j 
- (g^ ty,( Pe! ^j 
~ top. op. UMa) measures the # of boxes med N 
for Wilson loop . 


Physical weaning of Zy (This is called (Z^ jos ) 
Classically ^ electric charge is specitied by Rep. (5U()) 


time 08^. < RAN 


"df 


N-boxes 


R 


[AES [R. Ad .| <— 4 of boxes med N (EZ) 
can be a good quartum number . 


sed When we hove a cortinvors gal syw. G , g 
i ? 7 | &— Ja: Naetler- current 


we can consider the pare jean. function. w/ the background G- gauge 
field A: Z[A- - [n8 € = Sre] + £f Aj. TOA 


m. vetere] coupling. tern 


[t toan cS) «na 


AA 


20 
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UO Generating Functional for correlators of Noether currents 


The 


S am T C 8) 7 "rcli A + correlator irclacing A 


We'd like-to consider REAT olso Tor generalized Sym (C: dicrete/ 
higher-fore / 


Symmetry © -topdogical operators ee 
Background gauge fields I A Neina of topolbgical op 
(TIA ces give a convincing ovg. for Its validity .) 
Bel (Scolar theory w/ syn. G on lattice) 
p= 2 iN Vot) oh = Vive, ve ) 
gEG acts as CH) — Vo) ad Vegty (gto!) = Vie ot) 


Now we iwtrodice the background G-gauge field [ink enm 
Uk e G 


Er441 7-dBe e tees 
wl Scere fi S J 


= 1 
i 2 ( Cora Ux tx) ed a. Y(t) ) + 2 Vg vi) 


When G i5 discrete , lets restrict our «ttertiovs to the “Alat ” 


gouge field , 3. 
Tes a P = Ud Urt ego Ugo =| eG 
X 5A 


poor. ara OW exarwple of such a contigs ( 
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l m E | wr x X^ 
Ba € 7 7|, aa len 
2 afb. (43) if x e XA 
h - ^ 
"C doxes 
ki E ose.) MELLE. 


L Hs is an erame of the network of top . operators 


` 


Let me ge Tts continuum Interpretation ` 
G — gauge fi i E Connection of G bundle. over” 
— spacertine mfol My the spacexim 


O^. each potch Uk? 
Aw. * Ue. 8) -valed. Lr 


OV. Ung = Ux AUY : GY 7 Vp ? G (transition Pee) 


w/ the connection formula 


Asli = 248 (Mus ) Pap tab d tags 
ow Une = Van pny , we impose the cocycle condition 
gap Gor gral uen) 


x on the-lattice , (US contain. the both data of 
fAx5 and L2" 


£— 
E 
Ys 
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for sinplicity J let's agan restrict our attention when G 
1s descyete. 

~ An 20 

So all data of G -bundle i carried by Gap > 


Je 
Us Oy Jop Dor pp a nothing but the 
flatness ord Ptinn 
a Ur b for the network , 


Also for oliscrete Sym. 
A = netuok of top. G-defects . 
(= specification of the tvansttion. fonction of the G -kundle 


ZAJ.2 = feh correspond 9) » 
It's now 2474 to generale T€ to discrete higher -forn Sym, 
Background gange field for zr 

b = Network. of Dr NEA top. surfaces , 


ZtPb] e AE ri computed with. the twisted b.c. 
spect fied by the network . 


Z— This Kinds of deformortion 
€) gauge trovstormation. for dae gauge fells 


^ 
; 
Let's try €» Compute S backpronnd gouge Poll | 
for several e le- examples . 
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Let's consider the Ising model Tree ferro state. 
StH] = -I A Toto) 


4 
Get| 
e his b manitesel 
ZA = is et e Foe) Uto) Cex’) bockground gauge nv. 
Là tt») =f 8 
Open) = £1 = A hos tobe trivial 
Flaeness lA FE up to geige Aranoko 
spacetime =T? 
Ca 
a 2 
= fA = Qo 7T 
wit ae) pr ez 
ue Ee 


IF we take J A 27C (nontrivial twist along A direcion ) 


domän- wall i» created . (Ac?) 
| A 
A 
Uxx) = -| l 
E db] Bord e Jt Goo) 
Garci- ferro) | 
£ (Aer E e Lime X T domaincueal} are 
E [i-o 
Theorem GF i obl syn. 2 Tew) Hons 204) 


p E V2% | a 
Gr >. Zn -e (TATENA) 
(To cirermvert the suppression, À has tobe-the gauge field for unbroken sym. ) 
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—Ltime X Ea. CAJ 
me : Boites. 


For non-tmisted case, Fas. = growd state energy for ferro. 
For twisted , Eas, = ]- ori + domain wall tension 


Ex. Example of SSB tr higher form Sy. i Z5, | 
We can easily realize te. by considering the- Abelian Hage model. 


aa anii tile) v^ + Vt) 


op Scaly UN) gauge 
a -N 
o2 —Qel-N A 
This model hos ZN - [f 
TF we consider Q T mod waT 


this i not changed by ds TE Q=-] 
of € yt quoc. . ZI i the best ye that. we could Tagine. 


Uu. met ^ (206) 
-€ EC 


; Mawell thor: d 
ahem o UE inv Hag 


lev. Ug =P E P Upya 


Z4" CUu) 
| pe S V) ( Us Yo e 


` Urp > 
Wai trom the hgprg te 
-— xp dea 
Uc 
This lattice construction give the justification of By? 


2061 = [np Da p 
^ (p) dis cig 25h, 
Lee's derive. the IREFT Te Uxe nes can fous onthe UG -valua 
b Ret = Ef de-N ES sou EU Pm 
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z st 
i Reset TY day 


(Generalized ) Symmetry = Tepobgal operators 
Viney) e Ut p) | * 06 0n op. Tdentity 
dete 
Conta pees byter- P mapai malle each other 
ND AS avn rye gouge theories 
TR p Klee cot. gy. (SH Bd icd d 


For group fike Sym , Crdadig O- form ag oo 
Network -of Up) => background gauge ties 
p OP- 7 CUR 
G- balle. over spocetine we ol 
ut T di fari. 
Wer 


<aransition Tunc. . 


G-sy-. QFT € `a ta fom Bord. cat. with G-str. 


Xo Veror cat. i 
Zem] =Z] € C 


2TA1 nicely capture- the vacuum yealzation of Sym . 
Get e finite 
ag e SSB H 
z low 
CA] ASM, 7 T Ó(A-o) 


(to: Pg (A fy) 


T he parameter > this is TA a non-trivial rep. of G 


Y m domain. wall must be created somewhere 
Ct)? 
` Ty Pert 


T Ahana- Bohn phase by background gauge feld 
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Example for SSB of |-form Sym, (BEBO a) 
chage -N Abelan-Hr (295 moded 
Steg = J UENO PAV) zl al 
Vd lo © cpx scolar ^ 
Ut) gouge feld 


di scab 
P T (x) 


Uli) rane formation ìs QU? athe 
(i) €. 


This mode] has v4 dl sy, 
va PEE — |- ore syn . of Mexwelll 
We can Trtreduce tHe network of codin-2 topobgical detecte . 
t. ZN 2- form gouge field B 


Comment \ In general , for p- fori sym , the Corresponding bo. gauge 
field is regarded as (pt!) Joris fleld 
For O- form case, A 
S (4-1) -din surtace = codia- 


P Gp. defect 
In gore Poincar dendi 
P-er <——> “a p) -din surface 


constructed by Clg. Aha troweverse 


dvectton. for Pomp 


We can ea] lattice realizetin to see this more evplicitly 


AU, + Zs lehu)" 
XUL) Tto) tec 
prs pi plagvette gle js DT t ) 
Tu 
Ta Za, V) 
drea Leu OF rx as ae 
on ploquettes . 
Yukawa m oct m Physics I$. 


à AX 


2/7 a 
em 


When Higgs potential 15 deep enough , Ve LA 
men itg] 16 (By me IR Bede 

Z7 59, | 
To see this, leth take the IR Inve of chevge -N Delays Haas 
model. — (4223) ir 


|. Vue) = A(IP-)^ — AXI 


> Classical vacua can be parametrized as 


lo) — ve 


26 -periedi c. pp A Te |l 
Negbc the vudtal moton ott. the tree -keyed 


Pope Cg aJ n Jo vl ld g TA I^ +h p 
$ 


tvd-D*1 2 427 fa a gouge feld hos toi 


Ir. order to take t — 00 CE na qretroduce an. 
auxiliony field ; ug dii oia: ee 


— o Petes aJ = Ín k Ne lef. i S Ll ha dened) 


Y appear UL Din V0 lut, 


+Ws ter drops. 
(PM = wala Ha) ) 
Keg- Valed 
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Therefor, IR effective partition function i». gli by 


Zs Jap Dp Da, gir eI 


R-valuued Bn lode [s 
(4-2) - fore field iu gauge field 


This oction. does not contan any dimenstonta | parameters , 
TNS 15 an erame at TOFT. 


Let's study the beavers of this effectiie Theory . 
EoMlof h: d¢tNa =O 


Won. loop obeys 
canine meter le 
? <Wead> = (ett = | Vf C is contmetib 
Zik Y C Bret 
ofa 


e" cevtactible. 
La 


This cantoke N distinct vales. 
RE (S8B oF l- fm sym.) 


Wie) > charged object of ZA syin, Zí ^» 
Zl unbroken 
d wee) » peas on Cr Nealc) area law 


gpg) perimeter law 
( 
" ZI ts broken 
Posstble TR behaviors of loop op. Tn gapped phase 


comment > This def. of SSB car be regarded as the higher 
far gereralizatin of 55b by OPLRO 


Aso M Los unbroken 
QUU P a emake Adin ME) 
UV RO broken syn 
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Lets perfori computation of ZLB (partition func. w/ bg. 
Te dott, let's derive ovother~ torm of the EFT. 
Instead of integrating curt h first, we perbri the path int. 
of d ot the begining « 
EM of P 5 d (Eh) 20 This a chsed 
(4-1) -fron 
— jk eb (at lease locally) 
Globally , Ft turns ont that hadh w b+ UG) E me 
pope feel 
Rough idea \ $c far di 


B- valued m 4 » A 


peT 


Jag = =. Jad 
afer [DE , £a requires that 


edb 
l K CZ = Pæ quantization 


EZA Mde; FCD. 
olsed A-1) -din subwed . 
gouge charge of kj 
Therefore , d al 
4 bad 
Za [Pea € Ax) E. 
L—— BF theor 
Ut) (d-2)-Joper dá z 
gage field Vh) Herm gauge Held 


In ths IR description. y We CAR. Witte down the explice form 
of the Zy'4 Byrn. generators . 
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Mer) = € E (Wil. op for p) 


e Topolegicalness 
EoM ef a > db=0 ut 
Uk) = Uca) e = Uca 


Zy fasion rule 
UU = Wk! 15 obvious 
V EZy is non-trivial 


c 


MERE OF # = 
i | TR pt 
2. A ) Zi 
ne € A c» U uz) - € £t) " Ez 
L 
closed 
Now, We Co. easily waluate ACH 
„capele of spocetine hg. gauge field for ZA” 
Mz CMa network of Syr. defect 


VP = Ff > narcarvial Flux ERG 
P 


ES a T —€— (d-2) di. 


= [bda eh fo Lue 


NH AR 


Pe PP 
Other entpressiov. [- dors. gauge owe. 
b: Lee gauge field b> > bu 


KR fo pen “EMof b` p= sdo, Ce. Dis in a pare gaw 
tb2*72(B 
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2124 Physical interpretation. of $(B 


We) = giha Wilson loop 
Uu) = eit © syon generator 


d ope 


surpercenducting- Vortex must exist 
somempreye 


b Jorhat treveverse direction. 
z Cirorctrivial ) b) = x" * (voreex energy) 
Vel >% 0 


We can Yecever^ the SSB of ZE A defined by perimeter law 
by 6 (2) —behovior of ZEBI. 


Applicection oF these techwe for SUW) ge. theories 
9 GIVE CONT description of Zy- gouging ( Kapustin— Files. 79 


2 Derive aw t Lott anomaly between p. m ond (70 424. 
(TTT 17) of 4d YM 
2 Re -derivation. of Wion- t Hooft ertean 
( Nguyen , Tarizak? , Ünsal '23) 
4d SU(N) YM + Adj. matter 


T i 
eleceic- PAN = yw. (The 15 Seen Tn Wilsei da^. latere ) 
ia ee going to give e. cordium description for codin-2 top, networks D. 
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Preliminary example 
V : ¢-valued scalar 
B= Sle t 2 (attt) 
Zw s. fet (CU) Pep) 
— Let! introduce- bg. ZW gouge fld 
ZN gewge- Ti field seems to be a pecial CaSe of Ul) gauge field. 
Let's vealize- TE as a par of VU) gauge field and Zr periodic 


Scalar. 
Aen = (A, 4) wf NA =d¢ & This Dave mm aud 
^ rp U^ 
UG vde Af v - gas model. 
joo Lo i Hg 


We cay come ( (A, ¢) 50 that Ul) gauge WY, Under 
A h kea 27 perdre scalar 


$— ¢tNAa 
Q — ge 


Bpe(44)1 = Y | Gea) m [^ t p (otl a ert om 


face My necwork for DN” canbe realized as (A, ẹ) with 
this way of coupling. 

Lea NA -4d ~ dA=0 ne, At fat. 
Flat Ut) bdle- con be comyletely specified by travsttian 


functions , 
The example suggests that ZN gauge fields accepts the 
continuu description. by embedding Zy c Ut) 
In general, Zy k-form gange feld ie realzed by a paio of 
Ul) ker. and (ct) res gouge felte (BU pe) ) , 
with the carstmit NB™ = up). 
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4d SU(N) YM couded wl Zn 2 form gauge Held 
Api (P. C) wl Bede 


UU) 2-4 UC) l-A 
gouge field gauge held 


We ow. heed zo consider how these TN YA coude Co SUN) gg 
mH —> ewed t rto UN) gouge feld T 
OEE ENR Liw r 
[i-um 
UW) = SUN) x0 
ZN 
We need to specity l- form gauge transformat and acheve 
te AVIV TAIN Ce. beatae Ald 
Berat ener iM 
C T3 CH TS © -specified by NP aC. 
A> ea Ady 
SUIN) field strength F= da tidua 
L 
A 
UN) feld strength Tada RA 
Under Uw) [Bron JAYE trans , 
f > dA) EURAC), 


~ n 
EIMA ERARA a. AAA, 
20 -—0 


DJ 


We can now construct Uli) P T MW. action. of a 


Bre, @ell= |b of (Pb) ] 
43. fef 9-8. (FEB) | 
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A^ " d. "Bu ag 
AL pcr) = [Da 4 (t£aq-c) p TUB Er 


7 
We've Same up oll UN) gouge fields X wl the castroirt 
«C J=C 


Comments or the global str. of gauge grp. 
( cf, Ahavony , Setberg , Tachikawa (3) 
SU(N) vs. SUN) vs, SUM)  ... 
ZEN e. 


^ 
f ain 
TF you work on YM + fund, matter , SUN) is the ungue op tin 
TE yu work on YM+ od), matte, the local properties donot 
spectty the global str. 


Lee's start trom SU(N) YM fags 
U 
Z-It.o 1 (Zw. 2-frm bg. gauge field ) 
We can pertorwn the path. int. for (B.C) to obtain a new OFT 


Ene QFT = Í DbDe 3(Nb-de) Zm Clb-e)] 
SUNVZy M 


sti) mM 
Wie) : milon loop ap. for test electric particle | 
H (C8) AE Hooft [cop op. (non-genuine) 
c-238 lov test magnetic particle . 


^ 
Ths operator “secretly ki depends on a Surface $t. 25-0 
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SUN) YM ~ (e) Nbede 
Se RN 


(= C 
weg) = Wid) ee 7 Wien leap op. (vers gere.) 
C t Pet) 
H (E) N t Hoct't loop q^. 


Y 
2/4 mag . 


In general, gouging of WY m d i OFT T, 
f prodices another d-din AFT T APR UU 
Mach. duas PUT Tap Pent e di 


Swepeteg. 2d classical Lang s Z? 
Tsing / Z2, U^ 1 Pd Tsing 
Kramers —Wannier duality 
yu Gouge field 
Proof Zr ppt) 
= (pet), B®) ) ui NBO") =p?) 


UR = SDM Dye) SCE -Ab Zo neue 
= frie rate gt) el ETI M ca ig 


eot Iz ND db” 
na aap = ber) =0 
U (Mp) ze, We i5 a Cap. op. So} 


bigis > Ths b A generator of (d-p -2.) - form 
Sym : of TAZ 


2 Ext : 
Zaz peer? p( ^7?) J ZN bg. gage fed 


( Sop Pn p«r 


Gi pa]. m 
Zor aged [ZETA = Emo m in origiral theory . 
È dual (d-(d-p-2)-2)- frm sym. 
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Ya To study possible QUAD DAE phases of Gd OFT w/ ZA on. 
(vs particular , 4d SU(N) YM 444). warer) 


We canconsidey ZIBI xpartition fec. wf hg, gauge feld. 
EZR? gauge feld 
A pale of UW) 2- Form and l- fore Gouge fidds (B.C, 
wl NBedc 


For td SUC) YM 
SU(N) gange feld A = O(N) gauge field a mathe: C Iy 


b> ptd, c—CXNA. 
Z suy CBI = "na Sla) =c) g — SYM La, A p] 
¢ 
(f) -NB or by perdrmed 


f2 f-p 
Global str. of gauge group ain ae " O(N) Horn, Ui) 2- ve. 
SU(N) YM œ UTE Ez YM (2,4 wint- wf 
C 1 
ZN SRA pacon ( acts G ror es. 
W(C) = trl Pets E | He. E Loot op. 
H(c.8) E t Hoott op. Ts not | Ws) : Wilson loop lives OY. 
genuine. line , but. thebdry of surface op. 
it Ts a. dl of surkee gp. E 
13 1-4 
This op. lives on bdry of the op. 4 
~~ f° Yr ne T Closed surtwe op. of & Jub 
ó ie generator of (zit kop.. 
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This wild surface dependence explains the Wilson- t Hofè 
Commutation. relation. between WiC) ad Hes) 


In op, formalin , consider operators CA, t Hoke ^92) 
wie) Hc) 
then, the equal time commutation relations 


^ ^ xum ; 
we) fte’) = He) wie) eo klee) 
ER ive H ; EN. 
LIE id f iw xpe 
spate 
Zt"? generator 


Tf we believe that both Wand H are genuinely Ines, this 
commutation relation contradict With locality . 


Explicit hrm of the dynamical Jpg M 
Zo [oI 
EPI gowgins- 
Z ae : 
kis a bg. gouge field of the. dual ZW T Sym. 
[Db eP 247 


Dl often omit the full expression bebw . 
In the previovs lectures, 
Zor, ={DbDe $05) Bcc) 
Gouging of Zy ee operation oa dem LI 
Tou ZEO EPE neis aue d, BOP (ie 


i L 
arp Ze? Bb = TWT 
=|Poe 
þe Zr] (upto charge conj; 
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— PRZ 01 = Sop SOP 2 corp 


= Ji DDE AJ nb ial bb Erb] 
E SEA (Bte) 5 AL) 


= ZB 
pe T- change cor) . 


Mixed. a Hooke anomaly b/w ZR" “and, O-periodicity ( O~O+2n 
lof, TTT) ond Doshen phenomenon 


YM theory £= ge tlh of 14 Bal e J 


RU total ace 
= 0 plays no role in perturbat: 
anion emir 


Stil | j O has a nontrivial effect ON local perturbative dynowies 
(cf » ^t Hoofe 7 Witten Tnthe 0s 
In large -N lt, the ground State Energy becomes as 


2 2 4 
Eas 0-00) dug + O(A) 
YM topological susceptibility At 
However’, we denote that 
ZV FIO) 22g) a - [Da cpl el) +48 fe) 


ee Tas 
=> 2 (42x) = 2@) Winding. 3 of SUN) gouge fell 


T 
This requirewerst. Seems to be inconsistent with the large WN courting 
= wulti-branch structure of YM vacua , 
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c BM (9-2¢)* 
ij: —— 7 Don condensocting Vacuam 


>Q Uilson lne obeys area law. ) 


Maxwell action in Mink. 
GF JE rg e oe 


= Jü-e)*6[Àt 


ERN 


à (P 
canonical con). of A kK = 2 = h tob 
at finite O, Eis ol oreet 
from Exp 


We how give a" field theoretic proof " to see confining VACUA 
«t @=0 ad O=2n ove distinct as quantu phase of matter, 


To this purpose , let's discuss the possible counter terms that 
consist only of B. 

We'd like to extract a" vire data” from ZEBI, 

to Find an index distinguishing ditleverct phases. 


a hoa UE SEC V eda Baw) 
2 eR 


In ow CUrYerst- interest , Zn is unbroken and sy/xtew. Ù gapped 


EORR c, (local Lagrongian of B) | 


£L broken Hoh Se vont broken ZK" 
label T PERA 
unbrekenrDA fe Ws 
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Tdea 
gepped = all corvelatys decay exponentially fast. 
unbroken. => correlators sortisty cluster clecompocition 
properties " 
ZITAT -24À,-—An&Q > P» 


D Nis Ste 
- pile (local | Lagrengicunr o] A ) 


=> Lt is thus Importarct to classify possible Tore. of lecad Lagrev gis 
of B. 
This, we consider the top, action 


Atop = 2E 5p (9 get Prostar eae level ) 


Reguirement of the gauge inv. 


Gauge tras. Bo Btd/ 
Bep AAA = Me. JE +2 BUA + GAY ) 


= Sep (BI tAd Badh + Ak fea)? 


4c. EN a 
Ut) index hon . (on spin wdd 
Dirac quart ation im "n bie ia ) 


2a XZ 
Tf k€Z , then Pewtp2 D gouge inv. 
LEZ js discrete. <— This camot be corctinuously changed . 


I4 k's are diferent biw two confining vama , there hos to 
be a phase transition . 
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ERIN. (Actually , kEZy instead of Z ) 
if kN, hie aa M au thn, 
Pap = A fap = xL [uc € nh 
So, oe ale d 3k |B so k~ktN 


Now, we derive the following relation for “ad YM (HM, matter ) 
We denote Tts portitior. tanc. wl Bat O as Zo CBI, 


Tf we assume 


T and YM are always contining at any Q, 
ke 
pe 


N rs 
There has to be phase trons ttns Separating 920, Q227. , 


as lng as Za" is kept intact 


Lng 7€ These distircton by classical actions of topobgical gouge theories 
are called as SPT states. 


We’ | | show that (ef. Van Poal '22.) 
Qe pI > |! p aa — A. (uz 
ey zi POTH Teti z 
EE or. c 
Jj quantizent 


Once Tt © proven. then 


Spin I9 = [DK oz ind LE Bl Yer depres} 
vo his I E 


E à 
- Ee -b5m- aL fox) _ Ze Ziwi orm 
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Gp Tb1- 1. Pe $^-25f 4p^dy | 


age [£^] E do beef c Je 
H 
NB 


WW indi te, 7 
é - [p tz / 
The velotan (X) i5 Called «s a generalized mixed t Hooft 
anom. b/w ZA and On~ Ot2n | 


* 37. we promote O to a periodic oon field wl Glo ^- Bd 2x 
mtw = [Da 725) HP- S dol + gel Per CIT) 
This sy. has ZA? and ZA" s 86) > G0) +2x 


ZM taxion CE.A has an t Hooft ANOM , 
Z. x (i (c) Hi " UNS (0) pa 
Witness A AP] oi ee AP EL [BA] 
Ths anom , can be cancelled by Sion topologica| action. . 


7 _N* p2 
S 2 Ae [Aes ge b 
EN e 2 
fe JANE "" 


a Another remark : LF you consider AC | “SYM theory , 
(SU(N) YM + modes oly, Weyl deris.) 
ZA 2 x (Zeit daira 
P A ~olen coled as Rom. 
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There's a med anom . 
= 2k ae 
Su ARIA Meer 6 Zz 
> If corfinng and gapped , anom, matching. requires 


fol g 
ZA md z^ = N degenerate or^ 
V 203, | CRAY = AL en k (eb 
Aa. €? Ro 
Teron. parity , 20 this cannot be broken. 
( Lorentz- inv. vacua ) 
Applications of BE"? to derive the Milson- t hoft chesificattons 
Sih edict chi eA ec ir Mea ERIT i i cca DRAE S 
^t Hooft observed that 
Wie) Hea!) = = He’) Wee) E 
E (Although. the following. argument Ts Incorrect . ) 


Pai [^ | (e c7) 


TNs relation requires the- Area law for (atleast) one of 
W or H T (x) 


We now classify lop ep. by p X ZN Iw) 
^ T 
ele- 
charges as H W^ = Wim) 


DENT 
Wim, d) CC). Weima) lE) 2 Wew, eile) Wan, OT 


If we belew (xx), Tt suggests that at last one of Wont) or 
Wiw, £') should obey Aea law unless 
me wh =0 med A ec (“mutual localzcy" ) 


^y gapped vacua. dre classified by the set of decont ined linen ; 
and they re Jpecitied by the order -N 
subgroup of Z, X Zy: 
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geruine lne op . 


He.) = Den Aak E) J 6 E X 


aod N integers T a Gs 0) oka = beh, aft) 


anak) Ph ote e Ky! XAN Cy tya R0 modh 
^ e—a 
d 


In the corrected version, Io argument seems not to classify 
the gapped vacua tr TE only specifies the choice of gauge. grp 
wl derete O--term , 


However , TC turns out that Wilson - "t. Hooft clit cation of 
gapped Yack turns out to be ) 3ustifled hr 4d OFT wl By 
(cf. Nguyen, Tarza, Unsal ) 


(eee 
There i5 A one-to-one correspondence b/w 
-Wila - £ Hott chest fication 
and 
Sep of ZRT sym, By? lo ZKT, 
stocked wf an SPT State of the unbroken Sym. 
(Adding level-k SPT of Zh '7 ) 


Preparation and As 
When Ze n —38P y Zu y the TR theory should 
contain A TOF ds 
A minimal Scenario 15 described by a BF theory 


24 > |i Da eee [ot 


Asa gereralization af coset &-wadel for SSP, we PM? have- 
Zn (Zn gouge theory . 
= ZN 
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In original theory ; k EZH acts on the Wion loop as 
Wa) => et We) 
fo 2y S22 Z8 weans uit 
We) i5 confines (a5 W9 € ^W. chayes Zt) 
but This Should survive în the IR linte.. 
WO i dob, (os Wh? W” under zi) 


Therefore ^ We ^d | ile. fo LA 


We) Reflow. jv) =e f n TOFT. 
p- trivial 


Wa (wry e» (Zo) " 7| wm TGFT. 
ie) eae 

We now assume the minimal scenario tor EFT of zi 
Let's couple B for Zn zd 

wie) —— wc) ef^? 

L RG fla 
Wc) ee = eS ER NIE Lo Tos should be ge 

Se b PtdA. , e x- A. 
Thus, the wine] coupling me suggests , 

Zor[b)- Diy e 2r SEQ Cate) x(.-. ) 


potertially hon-winkwal part can exist. 
As avy extra term, we can add a local counter term of B 7 
ZTB] =\DbDa e 2r [Cu d B). of g BAB 
Th» 15 not N! 
Aa(nb ) 
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Gouge my. of Zo (BI 
O ferri. SDa integral , and then 


E. 
Zipp (BI = óeP)re fre] Bob 


^ A 
Reg survives ony vf Bis a Then, the ts well-defined 
A gange- feld of ae? eg 
NR subgroup 


counter teyw.. . 


@ Equivalerctlly / Ohe Can check. that the following transformati 


b — Bt. 
a — o wv. : 
Gb HUI 
Nin 
Claim. (Reforinulection of Wilson 't Hott EE ESA 
For the vama described by 


stile 
Zope (BI = SinB) "ias 


zs," N stacking of level-k SPT 
the olecortined lines are generaced by 
* TA 
We , | H*c) w*e) 
line op. with the perimeter bw N. The permeter law of non- 


genine lines detects the 
level of SPT state . 


3a«R 
To prove ths statement, we consider the Following spacetime . 
Wwe efbcctve 
Ma = Ms XB! : can use er 
$t. shes) >? she(S) >> — deseripti 
rg puis woes Ja? 
L- 
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Furthermore , gree size (Ws) >? Size (8 , we can elocnie 
regard our theory as 3d QFT defined! n Ms . 


Tn this set yp, Wt. can decompose the bg. gouge fie B as 
pa Pin tAn LE 


ee: om 
quer ace- spre -tme component- 


component 
WE can take A gouge 50 that Pm, A are t-ndep. 
Bow © Zy Z-TOrm. gauge Tel on Ms = bg. of (ZA bay 
A : Zw (fm : = by. of (ZN) a4 
aes ee 


In old days, what people called the center yes n Fi 
means (2 Jad (Which acts on Polyakov loop ) 


AME 5 
Comment S' P & can be regarded nre 
In general y Fme take 8'- compactified T CX 


Space time for d- din. QFT wl 2477 Spies. 
Then the effective (4-1) -dan QET enjoys 


fp- 
P^) TA X (Z oU die 


Qu uu acts on the spacial Wilson loop W' (c) w/ CCM 


Ze a acts ow thie temporal Wen. loop (2 Polyakov (oop) 262) 
w/ x cM 
44 AFT wl an 
| (large enongh) 8\—compactiffeation 
ad GET w/ (Zu 7) X (EAT sa 


fol = ^ Inour , we call vc the l 
| alae pi (rrr mtem ) 
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P ANLE (magnetic) daa] sym 
ru f ett UA sp 
Bt OFT v^ de XD jen (d-p-2)=| 
pe 30 
Pm Pe 
The correspondmg pertition. func, (=: 2.uLEBe, ba) 
i» gen by 
T " i Taa 
Za D6 b. =JDa e 7 ^^ RI orton] -Ó 
B (in 4d ) 
Cowart As a gereral property of Za CB Bor] , 
we can prove 
a TEE 2.0 Ge, real od postie) 


This i5 an artcome ot reflection posteas Gre unttovity) 


Lee's compute ZeH [e ee I fr 

ak 2 

Zeff [Bed 1 = 5 (nPua Je te) ha 
L 


ook 2 A d 
aE Tortni ~ SiB sira) e nr Po 
iz 
= $E» nA € t be 


Aa N B. 3 
> ZH PBS, pT = | Ta LER SICAL, mde) cred One 


= te Pw) \Da Sina & Jan(kbm MER) 


= blir Bor) Í (Bon + A Be ) 
In 3d QFT (4), we find that orda N subgroup 
Zara Ess paye fxino)ty 40] 


Yukawa Institute for Theoretical Physics 
<yoto University 40) 


Comment 
Comment 
Under ou^ assumption , we have shown that 
Iy X Ay 22> Order-N subgroup 
This ban outcome of 4d Lorentz in. 
For Cramp, TÊ Za xz is completely broken, 
ther (Za'?)sq X (By aoe <B (z^), 


Finar 


space iyi D contned m part is decortined 
This PE contradict wl the, Lorentz Inv. 


coe 
Al lof these- possibilities mthe Wilon- t Hof classifications 
ore known to be realized as gapped vacua of € SU(N) 
gauge theories, 
As an optet realization. , they can be gapped vacua of 
ted ACRAS SYM theory . 

Soft breaking From N=4 SYM to N=] 

(cf Donagi, Witten 15) 

ps 
Here, we assumed the minimal scenario for TAFT ousocintes 
wi 83b ZI Za 
By censilering. more general 4d TOF Ts for this SSB, 


we Wray be able to refine the Wilson- "t Hooft classification. . 
4d TOFT i5 mack Simpler than 3d TAFT , 


ja 

There ore actually severol papers C[odiieg- that 4d TRE TS 
e l Ssl i 

Ae i ero Rare 
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Ze (v. , le ) = finpe ee) E^ 


Spectty unbroken Syns oi This can be easily detar nod 
by Area VS. perimeter for w^ 
How can we determine the APT label k? 


GF d Pe bdry theory must haye non-trivial bng-ronge 
inflow (Type e. for this case 15 SUN) CS theory) 


we dont need to create. bulk, but deterwine perimeters (au 
from non- genalne olyonic lines Haws ; 
( This is reesieiscert. of Kennedy -Tasal . ) 


Application of knowledge ot || l-fonn Sw. . 
te QFTs wlo [- ov. e Sy Ww 


Lee's work o^ an explicit. eg. 2d CPM model 
2d N-flavor Schwinger mode 


(eee sus 
TUR We trterprel Tt as a utt sphere in P. 
ARI = 
Quotient by S' œ= Ul) Teplies the gauge Serene 
oP 


Ss F WERE amg 29 fda 
awãliary Ut) gange field. (a= ZAR) 
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Cowwert (n 24) 
This theory i» asymptotically free 


-In lage-N , we Can prove the mass gap. 
- N22 Bb an effective theory of (i41) d antiferro guantum 
Heisenberg model ' Spin 


E. 


(in "hr limtt and Ü-2xS$ 


Tec ade phase twowsition. for N 23 
M order described by SUE), Ww 


br N=2 
Deer 
We first need to specity the global SY, yey) 


The Lagrangian 1$ Warant under = —— LZ FY 
2«d 
However , pide te Ue en Iy ESU W), then 
er en a 8 Ths is a part of the Ot) IMG trans . 
=> The global ye that fatthtully acts on Jonge - V. op. 
Ts given by SUN) /Zn 


We want to lnctrodice- the bg. gauge feld tor SUN) By - 


a A TzU fe These. igre form 

(A /D) s à ii pue" dt ype feld appears 

B iUt) 2- Joris. gouge A wi higher dorm. spe 

iF the 0- form sym . 

with the constraint NB = der (9) precisa 
quot 4 


Gouge trons. — D Pt A. 
Á— ATA Ty This T vequüneol forthe [form 


gauge wariance of the 
Az a-A ery covariant derivative 
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P E (a), (AB) 
=p) (tein i) Z| +6 flate) 
We tind the parteton Func, wl (A,B ) is given. by 


25r (Ap) I = [DADR DP e OCR VAP 
U Y Td A Ae. 
fee L(vB = £^ 800p] 


We find an extra local counter term 
This 15 a generalized mixed "t Hott anor. b/w SVN) 
and O~ Otza 
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